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Hardness of conditional independence testing

® Statistical task: Consider the joint distribution %,(X, Y, Z), test the null
hypothesis of conditional independence (Cl):

H' =x 1 Y|z

Ziang Niu (Statistics at Wharton) CRT versus GCM Aug. 10, 2023 5/20



Hardness of conditional independence testing

® Statistical task: Consider the joint distribution %,(X, Y, Z), test the null
hypothesis of conditional independence (Cl):

H' =x 1 Y|z

® Hardness of Cl test: According to Shah and Peters [2020],

Ziang Niu (Statistics at Wharton) CRT versus GCM Aug. 10, 2023 5/20



Hardness of conditional independence testing

® Statistical task: Consider the joint distribution %,(X, Y, Z), test the null
hypothesis of conditional independence (Cl):

Hs' =X 1 v|Z.

® Hardness of Cl test: According to Shah and Peters [2020],

® |f Z is continuous, any test with Type-l error control over the entire Cl null
HE - x 1 Y|Z cannot have nontrivial power against any alternative.
= a test with type-| error control must protect against too many sneaky ways
Z can affect both X and Y.
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Cl testing requires assumptions

® Given a set of regularity conditions %, on .%,, one can only hope to control Type-I

error over the smaller null hypothesis: Hp : HOC’ N %hn.
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Cl testing requires assumptions

® Given a set of regularity conditions %, on .%,, one can only hope to control Type-I

error over the smaller null hypothesis: Hp : HOC’ N %hn.

What kind of regularity conditions %, should we impose?
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Outline

® Two choices of %, : dCRT statistic and GCM statistic
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dCRT statistic
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dCRT statistic

® Model-X (MX) assumption Candes et al. [2018]: Assume we know the
conditional distribution .Z,(X|Z) exactly, i.e.

Rn =L Ln(X|Z) = £7(X|2Z)}.
where Z¥(X|Z) is the given conditional distribution.
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dCRT statistic

® Model-X (MX) assumption Candes et al. [2018]: Assume we know the
conditional distribution .Z,(X|Z) exactly, i.e.

Pn = {0 Ln(X|Z) =27 (X|2)}.
where .Z¥(X|Z) is the given conditional distribution.

® MX assumption is reasonable if .%,(X|Z) is controlled by experimenter.
Powerful Cl test are available under MX assumption (the conditional
randomization test (CRT, Candes et al. [2018])).
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dCRT statistic

e A computationally more efficient way: dCRT Liu et al. [2022]:
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dCRT statistic

e A computationally more efficient way: dCRT Liu et al. [2022]:
® Fit an approximation fin,,(Z) of pin,(Z) = E«,[Y|Z] via machine learning;
* Compute To(X, Y, Z) = 7= 550, (Xi — tinx(Z))(Yi = finy(Z)));

® Forb=1,...,B
® Draw )?l.(b) ~ XX Z = Zp);
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dCRT statistic

e A computationally more efficient way: dCRT Liu et al. [2022]:
® Fit an approximation fin,,(Z) of pin,(Z) = E«,[Y|Z] via machine learning;
* Compute T,(X, Y,2) = % 57, (X — ins(Z))Yi = fins(Z);
® Forb=1,...,B

® Draw )?l.(b) ~ XX Z = Zp);
® Compute test statistic

To(X®), X, Y, 2) _Z = inx(ZDNY; = finy(Z)));

%\
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dCRT statistic

e A computationally more efficient way: dCRT Liu et al. [2022]:
® Fit an approximation fin,,(Z) of pny(Z) = Eg,[Y]|Z] via machine learning;
® Compute T,o(X,Y,Z) = IZ, 1(Xi = ax(ZNYi — iny (Z0));
° Forb=1,...,B
® Draw )?l.(b) ~ XX Z = Zp);
® Compute test statistic

T.(X®), X, Y, 2) =V Z — pn o (Z)Y; = finy (Z)));

® Compute
Coa(X, Y, 2) = Qi o[{Ta(X, Y, 2), To(XM, X, Y, 2),..., Ta(XE, X, Y, 2)}].

Ziang Niu (Statistics at Wharton) CRT versus GCM Aug. 10, 2023 8/20



dCRT statistic

e A computationally more efficient way: dCRT Liu et al. [2022]:
® Fit an approximation fin,,(Z) of pny(Z) = Eg,[Y]|Z] via machine learning;
® Compute T,o(X,Y,Z) = IZ, 1(Xi = ax(ZNYi — iny (Z0));
° Forb=1,...,B
® Draw )?l.(b) ~ XX Z = Zp);
® Compute test statistic

T.(X®), X, Y, 2) =V Z — pn o (Z)Y; = finy (Z)));

® Compute
Coa(X, Y, 2) = Qi o[{Ta(X, Y, 2), To(XM, X, Y, 2),..., Ta(XE, X, Y, 2)}].
® Reject if To(X,Y,Z)> CoalX, Y, 2).
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Doubly robust conditional independence test: GCM test
® The GCM test Shah and Peters [2020]:
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Doubly robust conditional independence test: GCM test
® The GCM test Shah and Peters [2020]:
® Fit an approximation finx(Z) of pnx(Z) = E,[X]|Z] via machine learning;
® Fit an approximation fin(Z) of pn,y(Z) = E«,[Y|Z] via machine learning;
* Compute To(X, Y, Z) = 7= 3371 (Xi — finx(Z))(Yi = fin,y(Z)));
® Compute (STM)2(X, Y, Z) = Var[(Xi — jinx(Z))(Yi = finy(Z:))] (sample
variance);
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Doubly robust conditional independence test: GCM test
® The GCM test Shah and Peters [2020]:

® Fit an approximation finx(Z) of pnx(Z) = E,[X]|Z] via machine learning;
® Fit an approximation fin(Z) of pn,y(Z) = E«,[Y|Z] via machine learning;
* Compute To(X, Y, Z) = 7= 3371 (Xi — finx(Z))(Yi = fin,y(Z)));

® Compute (STM)2(X, Y, Z) = Var[(Xi — jinx(Z))(Yi = finy(Z:))] (sample

variance);
® Reject if To(X,Y,2)/SEM(X,Y,Z) > zi_a.
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Doubly robust conditional independence test: GCM test
® The GCM test Shah and Peters [2020]:
® Fit an approximation finx(Z) of pnx(Z) = E,[X]|Z] via machine learning;
® Fit an approximation fin(Z) of pn,y(Z) = E«,[Y|Z] via machine learning;
* Compute To(X, Y, Z) = 7= 3371 (Xi — finx(Z))(Yi = fin,y(Z)));

* Compute (S7M)*(X, Y, Z) = Var[(Xi — finx(Z))(Yi — finy(Z))] (sample
variance);

® Reject if To(X,Y,2)/SEM(X,Y,Z) > zi_a.

® This is an asymptopia-based method as opposed to resampling nature of dCRT. It
enjoys the double robustness.

Theorem 1 (Shah and Peters [2020]; informal)

For %, € Hy = HE' N &, where %, is defined as a set of laws satisfying

{RMSE(fin,«) = 0p(1), RMSE(fin,y) = 0p(1), RMSE(fin,x) - RMSE(fin,y) = op(n™"?)},
then we have

limsup sup P, [GCM rejects null] < .
n—oo ZLpEHy

= E= = = =
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(3} ER\T Test and its equivalence to GCM Test
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Recall dCRT statistic

® MX framework: dCRT Liu et al. [2022]:

® Fit an approximation ﬁny(Z) of wny(Z) =Eg,[Y]|Z] via machine learning;
* Compute To(X, Y, Z) = 7= 550, (Xi — tinx(Z))(Yi = finy(Z));
® Forb=1,...,B

o Draw X ~ 27 (X)|Z = Z);

® Compute test statistic

T.(X® XY, 2) Z(X — unx(Z))(Yi = finy(Zi));

® Compute
Coa(X,Y,2) = Qu_a[{Ta(X, Y, 2), TA(XW X, Y, 2),..., To(XB, X, Y, 2)}].
® Reject if To(X,Y,Z) > CoalX, Y, 2).
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® MX framework: dCRT Liu et al. [2022]:

® Fit an approximation ﬁ,,y(Z) of wny(Z) =Eg,[Y]|Z] via machine learning;
* Compute To(X, Y, Z) = 7= 550, (Xi — tinx(Z))(Yi = finy(Z));
® Forb=1,...,B

o Draw X ~ 27 (X)|Z = Z);

® Compute test statistic

To(X®), X, Y, Z) Z(X = 10 (ZD))(Yi = fin,y (Z0));

® Compute
Coa(X,Y,2) = Qu_a[{Ta(X, Y, 2), TA(XW X, Y, 2),..., To(XB, X, Y, 2)}].
® Reject if To(X,Y,Z) > CoalX, Y, 2).

® Challenge: %, (X|Z) is usually an approximation in practice!
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Recall dCRT statistic

®* MX framework: dCRT Liu et al. [2022]:
® Fit an approximation fin,(Z) of uny(Z) = Eg,[Y]|Z] via machine learning;
* Compute Tn(X,Y,Z) = 72 3201 (Xi = pnx(Z))(Yi = finy(Z));
® Forb=1,...,B
o Draw X ~ 27 (X)|Z = Z);
® Compute test statistic

T.(X®), X, Y, Z) Z(X — 1 (Z))Y; = finy (Z2));

® Compute
Coa(X,Y,2) = Qu_a[{Ta(X, Y, 2), TA(XW X, Y, 2),..., To(XB, X, Y, 2)}].
® Reject if To(X,Y,Z) > CoalX, Y, 2).

® Challenge: %, (X|Z) is usually an approximation in practice!

® Our focus: Robustness and power of MX (dCRT) methods when £, (X|Z) learned
in sample. In other words, replace jinx(-) with the estimate finx(-) and draw
resamples from the learned distribution £, (Xi|Z = Z;).
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dCRT statistic

Procedure:

® Fit an approximation fin,,(Z) of pn,,(Z) = E«,[Y|Z] via machine learning;
® Fit an approximation finx(Z) of pinx(Z) = E«,[X]|Z] via machine learning;
o Compute To(X, Y, 2) = 2 S04 (Xi — 1nclZ))(Yi — finy (Z));

® Forb=1,...,B

® Draw )?i(b) ~ jn*(X,-\Z =Z);
® Compute test statistic

To(X®), X, Y, 2) Z = fin (Z)(Yi = finy (Z)));

%\

® Compute
Cra(X,Y,2Z) = Qi_a[{Ta(X, Y, 2), Ta(XW, X, Y, 2),..., To(XB, X, Y, Z)}].
® Reject if To(X,Y,Z) > Cpa(X,Y,2).
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Comparison between dCRT to GCM test

® Recall the test statistic and resampling test statistic
1 ¢ . N
To(X,Y,2) = o 36— i) (Y~ ins(20)
i=1

TAX.X.Y,2) = % (% = s ZOYs = finy (2)):
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Comparison between dCRT to GCM test

® Recall the test statistic and resampling test statistic
1 n
TnX,Y,Z = — Xi_Anx \/i_/\n ZI
( ) N ;( fin )(Yi = finy (Zi))
- 1 & - .
TR X, Y. 2) = o3 (%~ s 2V~ ins(2),
i=1

o dACRT rejects if To(X, Y, Z) > Qi_o[Ta(X, X, Y, Z)|X, Y, Z] or equivalently if

TA(X,Y,2) -0 {Tn()?,x, Y, Z2)

SICRT(x y,z) LsgCRI(x y Z)|X’ v2)

SICRT(x v, 7) ZVarg X\ Z1(Y: = fny(Z)).

i=1
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Comparison between dCRT to GCM test

® Recall the test statistic and resampling test statistic
1 n
TnX,Y,Z = — Xi_Anx \/i_/\n ZI
( ) N ;( fin )(Yi = finy (Zi))
- 1 & - .
TR X, Y. 2) = o3 (%~ s 2V~ ins(2),
i=1

o dACRT rejects if To(X, Y, Z) > Qi_o[Ta(X, X, Y, Z)|X, Y, Z] or equivalently if

TA(X,Y,2) -0 {Tn()?,x, Y, Z2)

SICRT(x y,z) LsgCRI(x y Z)|X’ v2)

SICRT(x v, 7) ZVarg X\ Z1(Y: = fny(Z)).

* GCM rejects if To(X,Y,Z)/SFM(X,Y,Z) > z1—a.
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Comparison between dCRT to GCM test

® Recall the test statistic and resampling test statistic
1 n
TnX,Y,Z = — Xi_Anx \/i_/\n ZI
( ) N ;( fin )(Yi = finy (Zi))
- 1 & - .
TR, X, Y,2) = S 2K ins(Z)Y: — fins(2)
i=1

o dACRT rejects if To(X, Y, Z) > Qi_o[Ta(X, X, Y, Z)|X, Y, Z] or equivalently if

TA(X,Y,2) -0 {Tn()?,x, Y, Z2)

SICRT(x y,z) LsgCRI(x y Z)|X’ v2)

SICRT(x v, 7) ZVarg X\ Z1(Y: = fny(Z)).

i=1

* GCM rejects if To(X,Y,Z)/SFM(X,Y,Z) > z1—a.

® Two tests are asymptotic equivalent if
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Comparison between dCRT to GCM test

® Recall the test statistic and resampling test statistic
1 n
TnX,Y,Z = — Xif,\nx \/if/\n ZI
( ) N ;( fin )(Yi = finy (Zi))
. 1 <o . .
To(X,X,Y,Z) = 7 D (Ki = fax(Z))(Yi = finy ().
i=1

o dACRT rejects if To(X, Y, Z) > Qi_o[Ta(X, X, Y, Z)|X, Y, Z] or equivalently if

To(X,Y,2) -0 {Tn(k,x, Y,Z) X.Y.Z

— 11—« —
SJCRT(X Y, Z) SICRT(X Y, Z)
SICRT(x v, Z) ZVarz (X1 Z1(Yi = finy(Z0)).
i=1
® GCM rejects if To(X,Y,2)/SEM(X,Y,Z) > z1—a.
® Two tests are asymptotic equivalent if

S,.,GCM SSCRT

@ Variance estimates are asymptotically equivalent;
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Comparison between dCRT to GCM test

® Recall the test statistic and resampling test statistic
1 n
TnX7Y,Z:7 Xif,\nx )/i*/\n ZI
( ) N ;( fin )(Yi = finy (Zi))
. 1 <o . .
To(X,X,Y,Z) = 7 D (Ki = fax(Z))(Yi = finy ().
i=1

o dACRT rejects if To(X, Y, Z) > Qi_o[Ta(X, X, Y, Z)|X, Y, Z] or equivalently if

To(X,Y,2) -0 {Tn(k,x, Y,Z) X.Y.Z

SIOR(x,y,Zz) " LsioRi(x.y,2Z)

SICRT(x v, 7) ZVarz X\ Z1(Y: = fny(Z)).

i=1
® GCM rejects if To(X,Y,2)/SEM(X,Y,Z) > z1—a.
® Two tests are asymptotic equivalent if

@ Variance estimates SSM  SICRT 3re asymptotically equivalent;
® The normalized dCRT resmapling distribution convergence to N(0, 1).
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Convergence of dCRT resampling distribution to N(0, 1)

® For small n,dCRT resampling distribution need not be normal; increasing n brings
resampling distribution closer to normality.

Ziang Niu (Statistics at Wharton) CRT versus GCM Aug. 10, 2023 14 /20



—

Convergence of dCRT resampling distribution to N(0, 1)

® For small n,dCRT resampling distribution need not be normal; increasing n brings
resampling distribution closer to normality.

10 samples 25 samples 250 samples
0 3 6 -25 00 25 5.0 -2 0 2 4
Resampled statistic Resampled statistic Resampled statistic
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dCRT-GCM equivalence and dCRT robustness

Equivalence result:

qheorem (Niu et al ’22; informal). Assume )
1. RMSE(4, ) = 0p(1), RMSE(4, ,) = 0p(1), RMSE(@, ) - RMSE(4,, ) = op(n™"%).
2. The estimated variances are consistent in the following sense:
1 ¢ P
— Y, Varg; [X; | Z] = Varg. [X; | Z]\arg[¥; | Z] 5 0.
=il
Then, forany &, € H,, the dCRT is asymptotically equivalent to the GCM test, i.e.

lim inf Pg [GCM test and dCRT coincide] = 1.
\_ n—oo Z,€H, " J
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ﬁ—GCM equivalence and dCRT robustness

Equivalence result:
~

qheorem (Niu et al ’22; informal). Assume
1. RMSE(A,, ) = 0p(1), AMSE(R, ,) = 0p(1), RMSE(,, ) - RMSE(A, ,) = 0p(n™"").

2. The estimated variances are consistent in the following sense:
1 p
" Y Varg [X; | Z] — Varg, [X; | Z]Varg,[Y; | Z] 5 0.
=il
Then, forany &, € H,, the dCRT is asymptotically equivalent to the GCM test, i.e.
lim inf Pg [GCM test and dCRT coincide] = 1.
n—>oo &,€H, i 4

o

Double robustness result:

Corollary (Niu et al ’22; informal). Given conditions 1 & 2, dCRT is doubly robust:

lim sup sup P g"[dCRT rejects null] < ar.
n-oo £ ,EH,
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Numerical simulation: Design

e Consider
Z ~ N(O,5(p)), Z(X|Z) = N(ZT8,1), Z(Y|X,Z) = N(X0+Z7 5,1)
where

v ifj<s,

Zilp) =0 {o itj > s.

Parameters v and 6 control degree of confounding and signal strength.

® Methods compared:

* dCRT! and GCM (with lasso and post-lasso);
® Maxway CRT (a competitive method).

IWe will use dCRT instead in the following.
. —



Numerical simulations: Type-| error control

n=200;p=400;p=04

s=5 s=20

1.00
© 0.75 4
=
)
— 0.504
8
7o -.;::z:

0.00 &% =l i i . : ;

0 0.5Vimax Vmax 0 0.5Vimax Vmax 0 0.5Viax Vimax

Marginal association between X and Y (v)

—— dCRT (LASSO) — GCM (LASSO) — Maxway CRT
~ = dCRT (PLASSO) - - GCM (PLASSO)
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Numerical simulations: Type-| error control

n=200;p=400;p=04

s=5 s=20

1.00
© 0.75 4
=
)
— 0.504
8
7o -.;::Z::

0.005 =aekeieaa-d ; -5 : .

0 0.5Vimax Vmax 0 0.5Vimax Vmax 0 0.5Viax Vimax

Marginal association between X and Y (v)

—— dCRT (LASSO) — GCM (LASSO) — Maxway CRT
~ = dCRT (PLASSO) - - GCM (PLASSO)

® Some takeaways:
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Numerical simulations: Type-| error control

n=200;p=400;p=04

s=5 s=20

1.00
S 0.75-
[}
— 050+
<4
2025 ;:z%}:

A
0.003 = :

0 0.5Vimax Vmax 0 0.5Vimax Vmax 0 0.5Viax Vimax

Marginal association between X and Y (v)

—— dCRT (LASSO) — GCM (LASSO) — Maxway CRT
~ = dCRT (PLASSO) - - GCM (PLASSO)

® Some takeaways:

® GCM and dCRT perform similarly, consistent with asymptotic theory.
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Numerical simulations: Type-| error control

n=200;p=400;p=04

s=5 s=20

1.00
S 0.75-
()
— 0.50-
3
2025 ;::z%!:

A
0.008 = ;

0 0.5Vimax Vmax 0 0.5Vimax Vmax 0 0.5Viax Vimax

Marginal association between X and Y (v)
—— dCRT (LASSO) — GCM (LASSO) — Maxway CRT
- - dCRT (PLASSO) - - GCM (PLASSO)

® Some takeaways:

® GCM and dCRT perform similarly, consistent with asymptotic theory.

® |asso-based methods can have very inflated Type-I error in difficult settings.
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Numerical simulations: Type-| error control

n = 200; p = 400; p = 0.4

s=5 s=20

e o =
o N O
S a o
L L

Type | error
o
N
(6]

;:;Zﬁi

0 0.5Vimax Vmax 0 0.5Vimax Vmax 0 0.5Viax Vmax

Marginal association between X and Y (v)

o
o
)

—— dCRT (LASSO) — GCM (LASSO) — Maxway CRT
~ = dCRT (PLASSO) - - GCM (PLASSO)

® Some takeaways:

® GCM and dCRT perform similarly, consistent with asymptotic theory.
® |asso-based methods can have very inflated Type-I error in difficult settings.
® Post-lasso-based dCRT and GCM typically outperform Maxway CRT.
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Numerical simulations: Power

n =200; p = 400; p = 0.4

1.00
. 0.754
s
3 0.504
0.254
0.00 T T s T ;
0.50max BOmax O 0.50max Omax
Effect size (6)
—— dCRT (LASSO) — GCM (LASSO) — Maxway CRT
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® Some takeaways:

® GCM tends to outperform dCRT.
® | asso outperforms post-lasso, suggesting bias-variance trade-off.

® Maxway CRT has lowest power, due to data splitting.
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